GRAPHS AND GRAPHICAL
SOLUTION OF EQUATIONS
[EX,) DIFFERENT TYPES AND SHAPES OF GRAPIIS:

A graph can be drawn to represent are equation connecting two variables.
There are different types of equations which give different types and shapes of
graphs.

Below is a summary of graphs in the form of y = ax*,-1,0,1,2 and 3.
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Graphs of the form y = ka*, where a > 0 and a # 1 and k is a constant are shown

below .
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‘ LINEAR GRAPHS:

A linear graphs is of the form y = mx + ¢, where m and c are constants.

All linear graphs are straight lines, e.g.y=x, 2x -1, y=-3x+2and 2x+ 3y =8.

To draw a linear graph, you will need only three points.

Draw the graphs of y = 2x - 1. From your graphs, find
a) The value ofy whenx=1.3.
b) The value of x when y =-5.8,

c) The value of k given that (k, 3.4) lies on the graphsof y =2x-1

To draw the graphsof y =2x-1 :



STEPI::> 1 : Locate 3 points.

y=2x-1

STEP I:> 2 : Plot these points and draw a straight line joining them to obtain the

graphof y = 2x - 1.

STEP I::> 3 : Label your graph with the equation of the line .

GRAPH DRAWING

From the graph.

a) Whenx=1.3,y=1.6



b) Wheny=5.8,x=2.4

The corresponding value of
xwhen y = 3.4 is the value

of k.

c) Wheny=3.4,k=2.2

=) TIP FOR STUDENTS:

Only 2 points are needed to draw a straight line graphs. The third point is to

check that you have not made a mistake in the substitution.

a) Draw the graphs of each of the following equation on the same axes .
ij)x+3=0

ii)y= -x

N | =

iii) 5y + 3x =11
b) Find the area of the triangle bounded by these three lines .

The graphs of x=-3 isa
vertical line parallel to the y
x=3 - axis and crosses the x- axis

a) i)x+3=0

atx=-3.




The graphs of y = mxis a

ii) y = % X straight line passing
through the origin.
X -2 0 2
y -1 0 1
iii) 5y + 3x = 11
5y = 3x +11
y = % X + 2%
X -3 0 3
y 4 | 22 | 04

b) Area of triangle bounded by these three lines

= % X Base X Heigh

X 55 X 5«
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|E‘> SOLVING SIMULTANEOUS LINEAR EQUATIONS BY USING
THE GRAPHICAL METHOD:

Given a pair of simultaneous linear equations, we can solve them algebraically as

learned or we can also use the graphical method to solve them

Solve the following simultaneous equations graphically .
X+2y=5

y=x+1

We have learned to solve the pair of simultaneous equations either by using the
substitution or the elimination method . Here, we will use a graphical method to
solve them .

METHOD : Draw the two lines on the same axes . The solution to the simultaneous

equations is the x - and y - coordinates of the point of intersection of

both lines .
x+2y =5 y = x+1
2y = -x+5
= .= 1 b'¢ -3 0 3
y = x+22




GRAPH DRAWING

From the graphs, the coordinates of the point of intersectionare (1,2).

.". The solution to the simultaneous equationis x = 1 and y = 2.

|:> TIP FOR STUDENTS:

Choose a scale as large as possible to increase the accuracy of the solution.

GRAPHS AND GRAPHICAL SOLUTION OF QUADRATIC
EQUATIONS:

1. Quadratic graph are graphs are whose equations are of the formy = ax? + bx

+ ¢, where a, b and c are constantsanda # 0. e.g. y = 2x2,y= x2+x-5 and

y = -%x2+ 8.

:> TIPS FOR STUDENTS:

If a =0, then equation becomes y = bx + c.Thisis alinear graph!




2. The graph of a quadratic equation is a smooth U-shaped curve called a parabola.

3. The curved of a quadratic graph is symmetrical about the line of symmetry.

4. The curved of a quadratic graph has either a maximum or minimum point. The

line of symmetry passes through the maximum/minimum point of the parabola.

y y
A A i .
0 Maximum Point
y = ax? +bx+c > X
a>0 o
N0
Minimum Point y = ax?+ bx+c
a<o
(0] X

5. To sketch the graph of a quadratic equation . rewrite the equation in the form

y=%(x-p)*+qory=(x-a)(x-b)wherea,b,pand q are constants .
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Sketch the following graphs.

a) y=(x-3)2+2

b) y=-x2+4x-3

a) y=-(x-3)2+2
Minimum point =(3,2)

At the y - axis, x =0,

y=(0-3)2+2

11

' (3.2)

v

(0] 3 X

b) y=-x2+4x-3
=(x2-4x+3)

=-(x-1)(x-3)



Atthe x - axis,y = 0

]
(=]

-(x-1)(x-3)
“x-1=0 or x-3=0

x=1 or x=3

At the Minimum point

1+3

2
= 2
When thex = 2,

-22+4(2)-3

y
=1

.". Minimum point = (2, 1)

Atthey-axis,x = 0

y=-02+4(0)-3

= -3
y
A
(2,1)
1f----- 7!
0 1 2 3 g

y =-x:+4x-3



a) Sketch the graphof y = 2x2+3x - 8.

b) Draw and label the line of symmetry .

a) y = 2x2+3x - 8.

]
N

x’ +§x—4j
2

Minimum point

]
|

0

At the y - axis, x

y = 2(0)2+3(0)-8

-8

Atthe x - axis,y = 0

2
Z(x +§J —9l =0
4 8

If the equation cannot be factorised,
rewrite itin the forma =-(x-p)?+q by

completing the square .

/Line of symmetry
_ 3
X—-Z y
A
; >
-2.89 -~ 1.39
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y = 2x2+3x-8
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3 1.%®--1-1
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2 (x +%j =4 <_[ Divide both sides by 2 ]

..x= 42-3 or x=-42_§
16 4 V16 4

x =1.39 or x =-2.89(correctto 3 sig.fig.)

The line of symmetry passes
through the minimum point
of the curve.

Bl w

b) Equation of line of symmetry : x = -

a) Draw thegraphof y = x2+x - 2 for-4 < x <3.
b) From your graph, find

i) The value of y when x = 1.5,

ii) The value of x when y =5,.

iii) The least value of y,

iv) The equation of the line of symmetry.

a) Construct a table for the corresponding values of x and y.



Plot the points and join them to form a smooth curve.

GRAPH DRAWING

b) From your graph.
i) Whenx=1.5, y=1.7.
ii) Wheny=5, x=3.20rx~ 2.2,
iii) The least value of y is - 2.3,

iv) The equation of the line of symmetry x=-0.5.

|:> TIPS FOR STUDENTS:

1. Do not draw a straight line between (-1,-2 ) and (0, -2) . The curve dips to its
lowest value half - way between the points . To find the minimum point, find y

whenx=-0.5.




y=(-0.5)2 + (-0.5)-2 = -2.25

2. The line of symmetry is the vertical line that passes through the vertex

( maximum or minimum point ) of the parabola.

The variables x and y are connected by the equationy = x2-x-5.Some

corresponding values of x and y are given below .

a) Calculate the values of a and b
b) Taking 2 cm to represent 1 unit on the horizontal x - axis and 1 cm to represent 1
unit on the vertical y - axis, draw the graphof y=x3-5for-4<x>5.
c) Use your graph to solve the equations .
i) x2-x-5=0
ii) x2-x =8
ili)x2-x-5=2x+1
d) By drawing a tangent, find the gradient of the curvey = x2-x-5 atthe point ( 2,
-3).

e) Draw and label the line of symmetry of the graph.




y = x2-x-5
a=(-2)-(-2)-5=1

b=(1)2-(1)-5=-5

GRAPH DRAWING

c) i) x2-x-5=0

From the graph,

Wheny=0,x~-1.80rx~ 2.8.

The solution are X~ -1.8or x~ 2.8.

ii) x2-x = 84—[ Rearrange the equation so that the left - hand side is equal to x2-x- 5 ]

x2-x-5=8 -5 4——[ Subtract 5 from both sides ]

x2-x-5=3
- —
y =3

1l
w

Draw the line y

From the graph,



Wheny=3,x~-2.40rx~ 3.4.

-+ The solution are X~ -2.4 orx~ 3.4

iii) x2-x-5 = 2x+1

-
y

2x+1

Draw the graph of the straightline y = 2x+1

y=2x+1

From the graph the solution are x~ -1.4orx= 4.4.

|:> TIPS FOR STUDENTS:
The solution of the equation x2 - x-5 = 2x+ 1 are the x - coordinates of the points

of intersection of the curve y = x2-x-5 and the straightliney = 2x+1.

d) (1,-6),(3,0)

Gradient of the curve at the point ( 2,-3)




|:> TIPS FOR STUDENTS:

GRADIENT OF THE CURVE

Gradient of the curve at P =

Y2-Y1
X2 — X1

The gradient of the curve at P is the tangent to the curve at P. The tangent to the
curve at P is the straight line ( AB), that touches the curve at P.

y
A
B(x2, y2)
P o L y2-y1
A(xll .V:Z ----- D
X2—-X1
» X

e) Equation of the line of symmetryisx=0.5.

The variables x and y are connected by the equation y = % (8x-x%).Some

corresponding values of x and y are given below .

7.5

7.5




a) Calculate the values of a .
b) Taking 2 cm to represent 1 unit on each axis, draw the graph of y = % (8x-x2)

for0<x=8.

c) By drawing a tangent, find the gradient of the curve at the point (6,6).

d) On the same axes, draw the graph of the straight line y = 8 - %x and use your
graphs to solve the equation = % (8x-x2) = 8- %x.

e) From the graphs, find the range of values of x for which % (8x-x2) 2 8- %x.

1
E(8x—x2)

a) y

a=3[8(4)-(4)] =8
b)

GRAPH DRAWING

d (5 2,7,6),(6.75,4.5)

Gradient of the curve at the point (6, 6)

45-7.6
6.7 5-5.2



d) y-= 8—§x

1 2
E(Sx—xz) = 8—§x.

.". From the graph the solution are x~ 2.250rx~ 7.1.

|:> TIPS FOR STUDENTS:

The solutions of the equation % (8x-x2) = 8- gx are the x - coordinates of the

points of intersection of the curve y = % ( 8x -x2) and the straightliney = 8 - gx .

e) From the graphs, the values of x for which % (8x-x2) 28- gx occurs where the

curve is above the line.

The range of values of xis 2.25<x <7.1.

|£> GRAPHS AND GRAPHICAL SOLUTION OF OTHER
EQUATIONS:

CUBIC GRAPHS



Cubic graphs can be written in the form y = ax? + bx? + cx + d, where a, b, cand d are
constantsanda #0.

eg y=x3+x2-x+2,y=2x3-7andy=-3x3+2x-1.

a) Draw the graphof y=x3-12x+6for-4<x<4.

b) From your graph, find
i) The value of y whenx=2.5,
ii) The values of x wheny =10.

c) Bydrawing a tangent, find the gradient of the curve at the point therex=-1.

d) On the same axes, draw the graph of the straightliney =1 %x + 9 and use

your graphs to solve the equationx3 -12x+6=1 %x +9

a) Construct the table for the corresponding values of xand y .

y=x3-12x+6




|:> TIPS FOR STUDENTS
Plot extra points at x = -3.5 and x = 3.5 to help you draw the curve because of the

large difference between the y values .

GRAPH WORKS

b) From the graphs,

i) Whenx = 2.5, y =-8.25,

ii) Wheny = 10, x = -3.3, x = -0.35 orx = 3.6.
c (-2, 26),(-0.5,12.5)

Gradient of the curve at the point wherex = -1

12.5-26
05 —(=2)
. -31
T 155
= -9



x3—12x+6=1%x +9

From the graphs, the solutions are x =~ -3.55, x =-0.2 orx= 3.75.

:> TIPS FOR STUDENTS:

The x - coordinates of the points of intersection of the straightliney =1 %x +9

and the curve y = x3 - 12x + 6 give the solution to the equation x3 - 12x+6=1 %x +9.

RECIPROCAL GRAPHS

A reciprocal graph is written in the form y = ﬁ . where a and b are constantsand (x+b)

0.

andy=2

Draw the graph of y = g for -4 < x < 4.



a) y = 3
X -4 -3 -2 -1 -0.5 | -0.3 | 0.3 0.5 1 2 3 4
y -2 -2.7 -4 -8 -16 | -26.7 | 26.7 | 16 8 4 2.7 2
Add more points here to help you draw more accurately
GRAPH DRAWING
:> TIPS FOR STUDENTS

v" The graph occurs in two parts .

v" Both parts do not touch the x - or y - axes .

( When x = 0, the function is undefined . )

v" Each of the two curves has an asymtote at the x - axis and an

asymtote at the y - axis . Asymtote refers to the situation where the




curve gets nearer and nearer to the straight line ( usually an axis ) but

never quite touches the line .

v" The equation of the line of symmetryisy=x andy = - x.

The variables x and y are connected by the equation y = Xi—zl . Some corresponding

values of x and y are given in the table below .

0 1 2 3 4 5 6 7
y 12 6 4 3 a 2 1.7 1.5
a) Calculate the value of a.

b) Using a scale of 2 cm to represent 1 unit on the horizontal x - axis and 1 cm to

represent 1 unit on the vertical y - axis, draw the graph of y = % for0sx<7.

On the same axes, draw the graph of y = %x +8.

From the graph, find

3

i) The solution of the equation % = X+ 8.

ii) The value of x for which the gradient of the curve is equal to - 43 .




12

a) y=x+1
12 12
a= 124
b)
GRAPH DRAWING
cy= %x+8

12 3
i) = —-x+8
x+ 1 4

From the graphs, the solutionisx~ 0.6 .



() TIPS FOR STUDENTS
To find the value of x for which the gradient of the curve is equal to - 43,

draw a tangent to the curve which is parallel to the line - %x + 8.

From the graph, the gradient of the curve is equal to - 43 at x = 3.

GRAPHS OF THE FORM y = —

a
x2

a

The graph of 2 where a is a constantand x # 0, lies above the x - axis.

Draw the graph of y = % for-3 < x < -3.

0.11

0.25 1 4 6.25 | 11.11 | 11.11 | 6.25 4 1 0.25

0.11




GRAPH DRAWING

I:> TIPS FOR STUDENTS
v" This graph also appears in two parts .

v" The curve always lie above the x - axis as the value of y are always

positive .
v' The graph is undefined atx =0.

v" The equation of the line of symmetry is the y =axisorx =0.

GRAPHS OF SUMS OF POWER FUNCTIONS:

Where we add two power functions together, we get a new function .

e.g. Thesumof y=2x2and y = % givesy = 2x2 + % .



The variables x and y are connected by the equationy = 2x + XE - 5.Some

corresponding values of x and y are given in the table below .

a) Calculate the value ofaand b .

b) Using a scale of 4 cm to represent 1 unit on each axis draw the graph of y =2x +

3-5f0r1£x54.

c) On the same axes, draw the graph of y = %x + 2. Find the values of x in the

interval 1 £ x <4 for which

i) 2x+ 2-5=2x+2.
X 4

i) 2x+ 2-5>21x+2.
X 4

d) By drawing a tangent, find the gradient of the curve at the point wherex=2.



a)y=2x+§-5

Q
1l

6
2(15) + = -5=2

b=2(4)+ $-5=45

b)

GRAPH DRAWING:

c) i) y=4lx+2.

y |225|25]| 3

6 1
2X + — -5 = —=x+2. . . .
X3 X The solutions are the x - coordinates of the points of

intersection of the curvey =2x + XE - 5and the

straightliney = 41x +2.

From the graphs, the solution are x~ 1.25 or x= 2.75.



ii) From the graph, the ranges of values for which 2x + XE -5> 41x +2arel<

x<lor 275<x<4.

d) (1.6, 1.8),(3,2.5)
Gradient of the curve at the point where x = 2

25-218
3-16

0.7
14

= 05

GRAPHS OF EXPONENTIAL FUNCTIONS :

The graphs of exponential functions are of the from y = ka*x, wherea > O anda # 1

and k is a constant.

eg y=25y=8(3)

a) Draw the graphof y = 2x for -1<x< 3.



b) From your graph, find
i) The value of ywhenx=2.3

ii) The value of xwhen y = 6.7

c) Use your graph to solve the equations
i) 2x=3,

ii) 2x = 4-x.

1.5

2.5

y 05 | 0.71 1 1.41 2

2.83

5.66

GRAPH DRAWING

b) From your graph
i) Whenx=2.3,y=4.9

ii) Wheny=6.7, x=2.75.




c) 2x=3

Draw the liney =3.

From the graphs, the solutionisx ~1.6 . The x - coordinate of the point of

intersection of the line y =3 and the
curve gives the solution.

ii) 2x = 4-x.

From the graphs, the solutionis x~ 1.4 The x - coordinate of the point of
intersection of the liney =4 -x and
the curve gives the solution .






